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Abstract
We begin a systematic investigation of the anomalous dimension of subleading
power N -jet operators in view of resummation of logarithmically enhanced terms
in partonic cross sections beyond leading power. We provide an explicit result at
the one-loop order for fermion-number two N -jet operators at the second order in
the power expansion parameter of soft-collinear effective theory.
1 Introduction
The scattering amplitude of N well-separated, energetic, massless particles is one of the
key quantities in gauge theories. Understanding its structure is of fundamental impor-
tance, both for its own reason by revealing mathematical structure that is not at all
evident from the underlying Lagrangian and its Feynman rules, and for the phenomenol-
ogy of high-energy scattering in QCD.
Of particular interest are the soft and collinear divergences, which exhibit a high
degree of universality. Some form of analytic calculation is usually required in order to
efficiently cancel the divergences between virtual and real emission effects in infrared-
safe scattering cross sections. The infrared divergences of the virtual N -parton scattering
amplitude are governed by the soft-collinear anomalous dimension, which up to the two-
loop order has the very simple structure
Γ = −γcusp(αs)
∑
i<j
Ti ·Tj ln
(
−sij
µ2
)
+
∑
i
γi(αs) (1)
in colour-operator notation [1] and for all out-going momenta pi with sij = 2pi · pj + i0,
i, j = 1 . . . N . The soft [2] and collinear [3] contributions to Γ are known up to the three-
loop order.1 The above assumes that all scalar products sij are parametrically of the
same order as some hard scale Q. If the physical observable is sensitive to a smaller scale
M generated by soft or collinear radiation, the anomalous dimension is a central object
in the systematic all-order resummation of large logarithms lnQ/M in the expansion in
the coupling αs.
When this is the case the above anomalous dimension refers to the infrared singular-
ities at leading order in the expansion in powers of M/Q (“leading power”). Given the
advances in the understanding of multi-loop corrections to the leading power anomalous
dimension, it is also timely to ask about the next, subleading power term in the M/Q
expansion. It has been known for a long-time that single soft emission from an N -jet
amplitude is described by a universal expression, the LBK amplitude, also at next-to-
leading power [4, 5]. This result extends the eikonal formula and has recently attracted
new interest in connection with a possible relation to an asymptotic symmetry at null
infinity [6]. However, little is known about the structure of divergences of loops and
the anomalous dimension at the subleading powers. The exponentiation of purely soft,
“next-to-eikonal” effects has been discussed in Refs. [7, 8]. However, a major compli-
cation at next-to-leading power arises from the interplay of soft and collinear radiation
as can be seen, for example, from the failure (or rather—depending on the point of
view—generalization) of the LBK formula for jet processes beyond the tree approxima-
tion [9, 10].
In this paper we begin with a systematic study of subleading power N -jet operators
and their anomalous dimension with the ultimate goal of being able to sum logarith-
mically enhanced loop effects to all orders in perturbation theory. We base this study
1We refer to the above papers for a comprehensive list of references to relevant results at lower orders.
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on soft-collinear effective theory (SCET) [11–14], which offers the advantage that the
power counting required to identify all next-to-leading power terms is already built into
the Lagrangian. While we will not solve the resummation problem here and do not
even discuss logarithms for a physical process, our approach demonstrates a clear path
how this could be done in principle and systematically. The structure of the anomalous
dimension matrix of subleading-power N -jet operators will become apparent and we pro-
vide the first complete result for the class of fermion-number F = 2 operators to begin
with. Previous work on anomalous dimensions at subleading power in SCET focused on
specific cases, the heavy-to-light current [15,16] (related to JB1Aχ in the operator basis de-
fined below) in the position-space SCET formalism, and on power-suppressed tree-level
currents relevant to e+e− → two jets in a different SCET framework [17, 18].
Several other works have recently addressed next-to-leading power (NLP) effects from
a more practical perspective. In Refs. [19–21] the threshold limit of the partonic Drell-
Yan process has been investigated and all NLP terms of the next-to-next-to-leading order
(NNLO) cross section have been successfully reproduced in a diagrammatic expansion
analysis. Also a “radiative jet function” has been identified, related to collinear effects,
which appear near threshold first at NLP. For colourless final states the interference of the
NLP LBK amplitude with the tree process allows one to compute the NLP terms at NLO
in the loop expansion [22]. Another recent development [23, 24] concerns the analytic
computation of the leading NLP logarithm at NNLO in the separation parameter of
the N -jettiness subtraction method [25, 26], making the cancellation of the dependence
on the separation parameter in the full simulation of the process more efficient. All
of these applications have in common that they refer at present to logarithms at fixed
order in perturbation theory up to NNLO and to processes with only two collinear
directions. The general approach outlined in the present paper, once developed, should
allow the computation of further logarithms in these applications, and in particular
their resummation to all orders. We finally take note that along a somewhat different
direction a formula for fermion-mass suppressed double logarithms in the high-energy
limit of certain fermion-scattering form factors has been derived [27, 28].
2 Subleading N-jet operator basis
It was noted in Refs. [29,30] that the infrared anomalous dimension (1) must correspond
to the ultraviolet divergences of soft and collinear loops in SCET, if SCET is to be the
correct effective field theory for jet processes. This observation also applies to subleading
powers. The following analysis is based on the position-space field representation of
SCET [13, 14]. The physical processes which are covered by this analysis are those for
which the virtuality of collinear modes in any of the N jet directions is of the same
order, and parametrically larger than the one of the soft mode. The power-counting
parameter λ is set by the transverse momentum p⊥i ∼ Qλ of collinear momenta with
virtuality O(λ2).2 The components of soft momentum are all O(λ2) and consequently
2Q denotes a generic large energy/hard scale, which we set to 1 in the following.
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soft virtuality scales as λ4. Below the term “NLP” refers to O(λ) and O(λ2), since the
first non-vanishing power correction to most physical processes of interest is O(λ2).
Under these assumptions (often referred to as SCETI) the SCET Lagrangian includ-
ing all subleading power interactions to O(λ2) was already given in Ref. [14]. For N
widely separated collinear directions, the Lagrangian
LSCET =
N∑
i=1
Li(ψi, ψs) + Ls(ψs) (2)
is the sum of N copies of collinear Lagrangians with N pairs of separate light-like ref-
erence vectors ni±, i = 1, . . . , N satisfying ni− · nj− = O(1). The collinear fields ψi all
interact with the same soft field ψs but not among each other. The SCET Lagrangian
is invariant under N separate collinear gauge transformations and a soft gauge transfor-
mation, see Ref. [14].
We therefore proceed to the construction of a complete basis of subleading N -jet
operators in SCET. The general structure
J =
∫
dt C({tik}) Js(0)
N∏
i=1
Ji(ti1 , ti2 , . . . ) (3)
can be described by products of operators Ji associated to collinear directions ni+, each
of which is itself composed of a product of ni gauge-invariant collinear “building blocks”
ψik [31],
Ji(ti1 , ti2, . . . ) =
ni∏
k=1
ψik(tikni+) , (4)
and a soft operator Js. In general, each of the collinear building blocks is integrated
over the corresponding collinear direction in position space, where C({tik}) is a Wilson
coefficient, and dt =
∏
ik dtik . Apart from the displacement along each of the collinear
directions, the operators are evaluated at position X = 0, corresponding to the location
of the hard interaction.
The guiding principle for constructing building blocks is the requirement of collinear
and soft gauge covariance. Because each collinear sector transforms under its own
collinear gauge transformation, each collinear building block must be a collinear gauge
singlet. However, the soft field may interact with different collinear sectors so we only
need to assume that collinear building blocks transform covariantly under the soft gauge
transformation. Note that, in general, the collinear building blocks may also contain
multipole expanded soft fields. For a collinear block the transformation properties under
collinear and soft gauge transformation may be summarized as follows
Ji(x)
coll.
−−→ Ji(x), Ji(x)
soft
−−→ Us(xi−)Ji(x) , (5)
where xµi− = (ni+x)n
µ
i−/2 and Us refers to the (not necessarily irreducible) colour
representation of Ji. For the matrix adjoint representation we would have Ji(x)
soft
−−→
Us(xi−)Ji(x)U
†
s (xi−) with Us in the fundamental representation.
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The elementary collinear-gauge-invariant collinear building blocks are given by
ψi(tini+) ∈


χi(tini+) ≡W
†
i ξi collinear quark
Aµ⊥i(tini+) ≡W
†
i [iD
µ
⊥iWi] collinear gluon
(6)
for the collinear quark and gluon field in i-th direction, respectively. Wi is the path-
ordered exponential of ni+Ai (“i-collinear Wilson line”) and the covariant derivative
includes only the collinear gluon field. Both, the quark and gluon building blocks scale
asO(λ) [13]. Objects containing ini+Di or ini+∂ are redundant. The first can be reduced
to the second with the help of ini+DiWi = Wiini+∂ and W
†
i ini+Di = ini+∂W
†
i .
3 The
ordinary derivatives can be removed using ini+∂ψik(tikni+) = idψik(tikni+)/dtik followed
by an integration by parts in the tik-integral in Eq. (3).
At leading power, only a single building block contributes for each direction, i.e. ni =
1 for all i = 1, . . . , N , and the elementary building blocks are given by
JA0i (ti) = ψi(tini+) . (7)
The superscript in JA0i indicates the leading-power contribution, and the reason for this
nomenclature will become clear in a moment. We are interested in N -jet operators that
are suppressed by one or two powers of λ relative to the leading power. This suppression
can arise in three ways:
(i) via higher-derivative operators, i.e. acting with either i∂µ⊥i ∼ O(λ) or ini−Ds ≡
ini−∂ + gsni−As(xi−) ∼ O(λ
2) on the elementary building blocks ψik . Here it
is important to note that since the elementary building blocks transform under
the soft gauge transformation with Us(xi−), the covariant soft derivative is the
ordinary derivative for the transverse direction and ini−Ds for the ni− projection.
In other words, the soft covariant derivative on collinear building blocks is iDµs (x) ≡
i∂µ + gsni−As(xi−)
nµi+
2
due to the multipole expansion of the soft fields, which
guarantees a homogeneous scaling in λ;
(ii) by adding more building blocks in a given direction, i.e. ni > 1, since χi ∼ O(λ)
and Aµ⊥i ∼ O(λ),
(iii) via new elementary building blocks that appear at subleading power, including
purely soft building blocks in Js.
In the following, we label operators that consist of a single building block by JAni , where
n = 1, 2 indicates the relative power suppression due to additional derivatives. Using the
equation of motion derived from the leading power collinear Lagrangian, it is possible
3 Covariant derivatives acting on Wilson lines are understood as operators acting on functions to the
right. When the derivative should be understood to operate only on the Wilson line, we add a square
bracket as in Eq. (6) for clarity. In all other cases the derivative is meant to act only on whatever is
written explicitly to the right or within brackets.
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to eliminate operators with ini−Ds derivatives (see below and App.B), such that the
operator basis consists of
JA1i (ti) = i∂
ν
⊥iJ
A0
i O(λ) , (8)
JA2i (ti) = i∂
ν
⊥i i∂
ρ
⊥iJ
A0
i O(λ
2) . (9)
Covariant derivative operators such as (W †i iD
µ
⊥iξi)(tini+) and (W
†
i iD
µ
⊥iiD
ν
⊥iWi)(tini+)
are special cases of JA1i (ti) and the J
B1
i (ti1 , ti2) defined in the following with ti1 = ti2 .
Hence all derivative basis operators are constructed from ordinary transverse derivatives
acting on gauge-invariant collinear building blocks.
Operators with two collinear building blocks in the same direction i are suppressed
at least by one power of λ with respect to the leading power, and we label them by JBni .
At O(λ),
JB1i (ti1 , ti2) = ψi1(ti1ni+)ψi2(ti2ni+) ∈


Aµ⊥i(ti1ni+)χi(ti2ni+)
χi(ti1ni+)χi(ti2ni+)
Aµ⊥i(ti1ni+)A
ν
⊥i(ti2ni+)
χi(ti1ni+)χ¯i(ti2ni+) .
(10)
The first operator has fermion number one, the second two, and the last two have fermion
number zero. We do not list explicitly the conjugate operators with negative fermion
number.
At O(λ2), the operators JB2i are obtained by acting with a ∂
µ
⊥i derivative on J
B1
i .
We will use a basis where the derivative acts either on the second building block, or on
both,
JB2i (ti1 , ti2) ∈
{
ψi1(ti1ni+)i∂
µ
⊥iψi2(ti2ni+)
i∂µ⊥i
[
ψi1(ti1ni+)ψi2(ti2ni+)
]
,
(11)
where ψi1ψi2 can be any combination from J
B1
i . Finally, at O(λ
2) it is possible to have
operators composed of three elementary building blocks in a single direction, which we
collectively call JC2i ,
JC2i (ti1 , ti2 , ti3) = ψi1(ti1ni+)ψi2(ti2ni+)ψi3(ti3ni+) . (12)
This exhausts the options (i), (ii) from above at O(λ2).
An example for a new building block that scales as order λ2 and hence could be used
to construct O(λ) suppressed operators is
ni−Ai ≡W
†
i ini−DiWi − ini−Ds =W
†
i [ini−DiWi]− gsni−As
cLCG
= gsni−Ai , (13)
where soft gauge covariance requires that ini−Di includes the collinear gluon and the
multipole-expanded soft gluon field. The subtraction term −ini−Ds in the second ex-
pression, which is also multipole expanded, is required to obtain a field rather than a
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differential operator, as is clear from the third expression, in which ini−Di acts only
within the square bracket.4 The last expression shows that in collinear light-cone gauge
ni+Ac = 0 the new building block corresponds to the small component of the collinear
gauge field. However, using the collinear-field equation of motion, we show in App. B
that ni−Ai can be expressed in terms of the elementary building blocks with only ∂⊥i
derivatives, hence ni−Ai can be removed from the basis building blocks. As noted above
for the transverse derivatives other possible placements of ini−Di can always be reduced
to (products of) existing objects. For example
W †i ini−Diξi = ini−Dsχi + ni−Ai χi , (14)
W †i (iD
µ
⊥iini−DiWi − iD
µ
⊥iWiini−Ds) = A
µ
⊥i ni−Ai . (15)
As already mentioned we show in App. B that the ini−Ds soft covariant derivative,
which operates on the elementary collinear building blocks in the form
ini−Dsχi, [ini−Ds,A
µ
⊥i], (16)
can be eliminated by equation-of-motion operator identities in terms of the A2, B2
and C2 structures defined in Eqs. (9), (11) and (12). This implies that ini−Ds can be
eliminated from any collinear operator as
ini−Ds(0)Ji(ti1 , ti2, . . . ) =
ni∑
k=1
ψi1(ti1ni+) . . . [ini−Ds(0)ψik(tikni+)] . . . ψini (tinini+) ,
(17)
where the covariant derivative is understood in the colour representation of the object it
operates on. Together with the above this implies that up to O (λ2) we can use a basis of
collinear building blocks that does not involve soft fields through covariant derivatives. It
is constructed entirely from ordinary transverse derivatives and the elementary building
block for the quark fields and the transverse gluon field.
In addition to the collinear building blocks, the N -jet operator may also contain a
pure soft building block Js. The soft fields do not transform under the collinear gauge
transformation, such that Js is trivially a singlet under collinear gauge transformations.
In the pure soft sector there is no need to perform the SCET multipole expansion of the
soft fields and therefore the soft gauge transformation Us(x) in this case depends on x
rather than on x−. The soft transformation of Js is
Js(x)
coll.
−−→ Js(x), Js(x)
soft
−−→ Us(x)Js(x) , (18)
with Us taken in the appropriate representation. In the adjoint matrix representation
we have Js(x)
soft
−−→ Us(x)Js(x)U
†
s (x) with Us(x) in the fundamental. The covariant pure
soft building blocks start at O (λ3), for example
q(x) ∼ λ3, F µνs ∼ λ
4, iDµs q(x) ∼ λ
5 , (19)
4Note that the collinear Wilson line transforms as Wi → Uc(x)Wi under collinear gauge transforma-
tions and Wi → Us(x−)WiUs(x−)
† under soft gauge transformations [14].
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where on soft building blocks iDµs (x) = i∂
µ + gsA
µ
s (x) and the soft field strength tensor
is defined as igsF
µν
s = [iD
µ
s , iD
ν
s ]. We can therefore drop Js(0) in Eq. (3) at O(λ
2).
Therefore, soft fields enter neither via the soft nor via the collinear building blocks for
our basis choice, up to O(λ2). This implies that the emission of a soft gluon from the
hard process, which generates the N -jet operator, is entirely accounted for by Lagrangian
interactions.
The case of N -jet operators differs from that of heavy-to-light currents, which consist
of one collinear direction and a soft heavy-quark field, whose decay is the source of large
energy for the collinear final state. The basis of subleading SCET operators listed in
Ref. [31] does contain soft covariant derivatives at O(λ2) due to the presence of the soft
heavy-quark building block at leading power. The absence of soft building blocks in N -
jet operators at O(λ2) is also an important difference and simplification of the position-
space vs. the label-field SCET formalism [11, 12], where soft fields must be included in
the basis operators at O(λ2) [10, 32]. The difference arises from a different split into
collinear and soft, since in the label formalism only the large and transverse component
of collinear momentum are treated as labels, while the residual spatial dependence of
all fields, collinear and soft, is soft. The difference in the operator basis due to this
is compensated by a corresponding difference in the soft-collinear interactions in the
Lagrangian in the two formulations of SCET.
It is useful to consider Fourier transformation with respect to the positions tik in the
collinear direction,
JAni (Pi) ≡ Pi
∫
dti e
−itiPi JAn(ti) ,
JBni (Pi, xi) ≡ P
2
i
∫
dti1dti2 e
−i(ti1xi+ti2 x¯i)Pi JBn(ti1 , ti2) ,
JCni (Pi, xi1, xi2) ≡ P
3
i
∫
dti1dti2dti3 e
−i(ti1xi1+ti2xi2+ti3xi3)Pi JCn(ti1, ti2 , ti3) (20)
for operators with one, two and three building blocks, respectively, where x¯i = 1 − xi,
xi3 = 1 − xi1 − xi2 and Pi is the total (outgoing) collinear momentum in direction i.
Here we adopt the convention that ni+pik = xikni+Pi > 0 for an outgoing momentum in
direction i, such that from Eq. (20) also Pi > 0 and xik ∈ [0, 1] for all momenta outgoing,
which we shall assume in the following.5 In general, the basis of N -jet operators can
then be written in the form
J({Pi}, {xik}) =
N∏
i=1
Ji(Pi, xi1 , xi2 , . . . ) (21)
5 Equivalently, one could assume ni+p > 0 for ingoing momenta. It is possible to translate between
both cases by flipping the signs ni+ → −ni+ and ni− → −ni− of all directions. This sign change can
be compensated by substituting tik → −tik , such that the form of the building blocks in position space
is unchanged. The only difference is then the sign in the exponents in Eq. (20), such that in collinear
momentum space Pi > 0 for ingoing momenta in that case. We do not consider here the situation where
some momenta are ingoing and others are outgoing.
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where xik are momentum fractions of the collinear momentum in direction i, carried by
the k-th building block. The operators are given by Ji ∈ {J
An
i , J
Bn
i , J
Cn
i }, depending on
the number of collinear building blocks and the order in λ. For each direction i one of the
xik can be eliminated using the constraint
∑
k xik = 1, in accordance with the previous
definitions. For brevity, we will omit the arguments Pi indicating the total collinear
momentum in direction i if there is no danger of confusion, because it is conserved in all
processes we consider.
The total power suppression of the N -jet operator is then obtained from adding up
the suppression factors in λ from each direction. For example, at O(λ2), it is possible
to either have a JX2i operator (with X = A,B,C) in one direction and J
A0
i operators in
the remaining N − 1 directions, or two operators JX1i J
Y 1
j , with X, Y = A,B, and J
A0
i
operators in the remaining N − 2 directions.
The infrared divergences of N -jet processes at NLP follow from the ultraviolet di-
vergences of the matrix elements of the above operators computed with the SCET La-
grangian including NLP interactions. For the derivation of the anomalous dimension
and renormalization group equation it is convenient to adopt the interaction picture and
treat the subleading SCET Lagrangian as an interaction, such that all operator matrix
elements are understood to be evaluated with the leading-power SCET Lagrangian. The
basis of subleading power N -jet operators at a given order in λ then includes further
“non-local” operators from the time-ordered products of the current operators J at lower
order in λ with the subleading terms in the SCET Lagrangian. The “local” (in reality,
light-cone) currents do not mix into the non-local time-ordered product operators, but
the latter can, in principle, mix into the former. The non-local operators mix into them-
selves but the corresponding matrix of renormalization factors is given by the one for
the local currents of lower order in λ contained in the time-ordered product. The ab-
sence of further renormalization from the subleading soft-collinear interactions in the
time-ordered product follows from the non-renormalization of the SCET Lagrangian to
all orders in the strong coupling constant at any order in λ [13].
At O(λ) the time-ordered product operators are of the form
JT1i (ti) = i
∫
d4xT
{
JA0i (ti),L
(1)
i (x)
}
, (22)
where L
(1)
i = L
(1)
ξ + L
(1)
ξq + L
(1)
YM refers to the O(λ) suppressed terms in the SCET La-
grangian given in Ref. [14]. It is understood that the collinear fields in these terms are
those of direction i. The generalization to O(λ2) should be evident.
In the following, we will focus on the case in which one of the collinear directions
carries fermion number F = 2. The simplification of this choice results from the absence
of a leading-power operator JA0i (and consequently all J
An
i ), since one needs two fermion
fields in the same direction to begin with. Nevertheless, this simpler case allows us to
display most of the features of the anomalous dimension at O(λ2). The F = 2 operator
basis at O(λ) consists of the single collinear operator
JB1χαχβ(ti1 , ti2) = χiα(ti1ni+)χiβ(ti2ni+) . (23)
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We keep open the Dirac spinor indices α, β, because they will in general be contracted
with components of the N -jet operator from the other collinear directions j 6= i. The
same rule applies to Lorentz and colour indices, and we only assume that the total N -jet
operator transforms as a colour singlet. At O(λ2), we have
JB2χα∂µχβ(ti1 , ti2) = χiα(ti1ni+)i∂
µ
⊥iχiβ(ti2ni+) ,
JB2∂µ(χαχβ)(ti1 , ti2) = i∂
µ
⊥iJ
B1
χαχβ
(ti1 , ti2) ,
JC2Aµχαχβ(ti1 , ti2, ti3) = A
µ
⊥i(ti1ni+)χiα(ti2ni+)χiβ(ti3ni+) . (24)
We will omit the Dirac indices in the following for brevity and drop the direction index i
in the notation for the operator unless ambiguities can arise. The time-ordered product
operators at O (λ2) are
JT2χχ,ξ(ti1, ti2) = i
∫
d4xT
{
JB1χχ (ti1 , ti2),L
(1)
ξ (x)
}
,
JT2χχ,ξq(ti1, ti2) = i
∫
d4xT
{
JB1χχ (ti1 , ti2),L
(1)
ξq (x)
}
,
JT2χχ,YM(ti1, ti2) = i
∫
d4xT
{
JB1χχ (ti1 , ti2),L
(1)
YM(x)
}
. (25)
The inclusion of these operators guarantees that the anomalous dimension matrix does
not mix operators with different λ scaling. Note that in contrast to the local current
operators, the time-ordered products always contain the soft fields.
3 Anomalous dimension
3.1 General structure
The operator renormalization in renormalized perturbation theory is given by
〈OP ({φren}, {gren})〉ren =
∑
Q
ZPQ
∏
φ∈Q
Z
1/2
φ
∏
g∈Q
Zg〈OQ,bare({φren}, {gren})〉 , (26)
where P,Q label the N -jet operators as well as time-ordered products of N -jet operators
with insertions of power-suppressed interactions LSCET. The products run over all fields
and couplings that enter 〈OQ〉, respectively. We omit the argument in the following for
brevity. At one-loop, writing ZPQ = δPQ+ δZPQ and demanding that the left-hand side
is finite, implies
finite = 〈OP,bare〉1-loop +
∑
Q
[
δZPQ + δPQ
(
1
2
∑
φ∈P
δZφ +
∑
g∈P
δZg
)]
〈OQ,bare〉tree . (27)
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For the operator basis we are interested in we need to consider also the continuous
operator label x = {xik}, and generalize the anomalous dimension to include integrations
as well as summation over different types of operators
finite = 〈JP (x)〉1-loop (28)
+
∑
Q
∫
dy
[
δZPQ(x, y) + δPQδ(x− y)
(
1
2
∑
φ∈P
δZφ +
∑
g∈P
δZg
)]
〈JQ(y)〉tree ,
where δ(x − y) ≡
∏
i
∏ni
k=2 δ(xik − yik) and accordingly ZPQ(x, y) = δPQδ(x − y) +
δZPQ(x, y). Note that for ni collinear building blocks in one direction we need ni −
1 integrals, because
∑
k xik = 1. If there is only a single building block for a given
direction i, then xi1 = 1, and no integration over momentum fractions occurs. We use
the convention that empty products are unity, so that the above equation covers also
this case.
As discussed below, the soft loops within a single collinear direction vanish. There-
fore, we split the renormalization constant to soft and collinear contributions via
δZPQ(x, y) =
∑
i 6=j
δ(x− y)δZs,ijPQ(x) +
∑
i
δ[i](x− y)δZc,iPQ(x, y) , (29)
where we have used the fact that the soft loops are diagonal in x. The collinear loop
along direction i is diagonal in the xjk for j 6= i, which is reflected by δ
[i](x − y) ≡∏
j 6=i
∏
k>1 δ(xjk − yjk). This gives the MS scheme renormalization conditions
0 = 〈JP (x)〉
soft,ij
1-loop, div. +
∑
Q
δZs,ijPQ(x)〈JQ(x)〉tree , (30)
0 = 〈JP (x)〉
coll.,i
1-loop, div. +
∑
Q
∫ ∏
k>1
dyik
[
δZc,iPQ(x, y)
+ δPQ
∏
k>1
δ(xik − yik)
(
1
2
∑
φ∈JPi
δZφ +
∑
g∈JPi
δZg
)]
〈JQ(y)〉tree , (31)
where in the collinear part xjk = yjk for j 6= i. In the last line we include only those field-
and coupling renormalization factors that are associated to collinear building blocks of
the direction i (that is, 1
2
δZχ = −
αsCF
8πǫ
for each collinear fermion, and 1
2
δZA + δZgs =
−αsCA
4πǫ
for each collinear gluon). We also use the notation Zc,iPQ(x, y) = δPQ
∏
k>1 δ(xik −
yik) + δZ
c,i
PQ(x, y).
The anomalous dimension matrix is defined by
Γ = −Z−1
d
d lnµ
Z , (32)
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where we use matrix notation involving both discrete indices (P,Q) labelling the set of
N -jet operators including open Lorentz, spinor and colour indices as well as continuous
indices (x, y) for the collinear momentum fractions associated to each building block.
Before we proceed to discuss the details of each contribution, let us make a technical
remark about the extraction of ultraviolet (UV) divergences. To compute the anomalous
dimension we need to separate the UV and infrared (IR) poles of the amplitude. In
our computation of the soft and collinear contributions we assume that the external
states have small off-shellness p2ik 6= 0. This choice regularizes the IR divergences of
the amplitude and guarantees that all the 1/ǫn divergences are related to UV poles of
the SCET amplitude. At the end of the computation, the soft and collinear part are
combined and only then the limit p2ik → 0 can be taken. The cancellation of the off-shell
regulator dependence serves as an additional check of our computation.
3.2 Collinear part
The collinear contribution to the anomalous dimension can be extracted by computing
one-loop matrix elements with a collinear loop. These loops do not contain soft fields,
and therefore it is sufficient to concentrate on purely collinear interactions. In principle,
there could be collinear one-loop diagrams with external soft gluons generated by the
insertion of a power-suppressed Lagrangian interaction. The divergent part of any such
diagram would correspond to the mixing of one of the time-ordered product operators
into a current operator with a soft field. However, as shown in the previous section
there are no such operators at O(λ2) that cannot be removed by the field equations. It
is therefore sufficient to focus on collinear loop amplitudes with external collinear lines
only.
Since each collinear sector is interacting only with itself, collinear contributions fac-
torize into individual contributions from each of the collinear directions ni+, i = 1, . . . , N ,
respectively. Therefore, it is sufficient to consider only the contribution Ji to the N -jet
operator that contains collinear fields along the ni+-direction, while the other contribu-
tions Jj 6=i are irrelevant. Moreover, in the position-space SCET formulation there are
no purely collinear power-suppressed interactions, so the power counting of the collinear
loop is determined solely by the operator. We first consider the case of an O(λ) power
suppressed operator Ji, and then turn to the more involved case of O(λ
2), where operator
mixing occurs. We will often omit the label i of the collinear quantities in this section
for brevity, since only a single collinear direction is involved.
3.2.1 Order O(λ)
In order to extract the anomalous dimension, we consider the matrix element of JB1χχ
defined in Eq. (23) with two external fermions with external momenta p1 and p2. To be
specific, we take the two fermions to be distinguishable by their flavours, which we do not
show explicitly. The extension to identical particles will be discussed below Eq. (59). We
show the collinear one-loop diagrams in Fig. 1. The labels ti1 and ti2 indicate whether
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Figure 1: Collinear loops contributing to the anomalous dimension for two fermionic
building blocks in direction ni+. Arrows show the fermion flow for two outgoing anti-
quarks.
the corresponding line is attached to the first or second building block of JB1χχ .
For the first two diagrams, all internal lines contributing to the collinear loop are
attached to a single building block. In the following, we refer to these contributions
as type-(a) loops. Since effectively only a single building block is involved, type-(a)
loops can be inferred from the leading-power result. In particular, collecting the sum of
the two type-(a) one-loop diagrams, the tree-level diagram, and the contributions from
wave-function renormalization from the right-hand side of Eq. (31) for the two external
building blocks of JB1χχ in a matrix element labelled with subscript (a), we find
〈q¯(p1)q¯(p2)|J
B1
χχ (ti1 , ti2)|0〉(a) = Jq(p
2
1)Jq(p
2
2)〈q¯(p1)q¯(p2)|J
B1
χχ (ti1 , ti2)|0〉tree , (33)
where
Jq(p
2) = 1 +
αsCF
4π
[
2
ǫ2
+
2
ǫ
ln
(
µ2
−p2
)
+
3
2ǫ
]
+O(ǫ0) (34)
is the leading-power collinear contribution from a single fermionic building block [30,33].
The third and fourth diagram in Fig. 1 appear similar to the first and second one
at first sight, but differ in an important respect. Namely, the two internal lines of the
collinear loop are attached to two different building blocks of JB1χχ . As a consequence,
the fractions of collinear momenta of the two lines attached to the operator will in
general be different from the momentum fractions of the external lines. We consider the
operator JB1χχ (x) in Fourier space with respect to the collinear direction, where x denotes
the momentum fraction associated to the first building block, and correspondingly x¯ =
1 − x for the second building block. For the external momenta, we label the collinear
momentum fractions by y = ni+p1/(ni+p1 + ni+p2) = ni+p1/P and y¯ = 1 − y. In this
notation, the tree-level diagram is in collinear momentum space given by
〈q¯(p1)q¯(p2)|J
B1
χαχβ
(y)|0〉tree = −δ(yP − n+p1)δ(y¯P − n+p2)vα(p1)vβ(p2) , (35)
where vα(p) is the collinear spinor for the outgoing antiquark with momentum p and
spinor index α. In order to compute the one-loop matrix element in collinear momentum
space, we express loop integrals ddl = 1
2
dn+l dn−l d
d−2l⊥ in light-cone coordinates, and
first perform the n−l integration by closing the contour either in the upper or lower
12
complex plane. Then the integration over l⊥ can be performed by standard techniques,
while the integration over n+l is trivial and set by the fixed value of the momentum
fraction x in collinear momentum space. Finally, we express the result in terms of the
tree-level matrix element by first renaming y → y′, inserting 1 =
∫
dyδ(y−y′), and using
δ(yP − n+p1)δ(y¯P − n+p2) =
1
P
δ(P − n+(p1 + p2))δ(y − n+p1/P ) . (36)
For example, in position space we find for the contribution from diagram (b, i)
〈q¯(p1)q¯(p2)|J
B1
χαχβ
(ti1 , ti2)|0〉(b,i) = µ˜
4−d
∫
ddl
(2π)d
ei(ti1n+(p1−l)+ti2n+(p2+l))
×
[
in+(l − p1)
/n
−
2
(l − p1)2
igsn
µ
−
/n+
2
tavα(p1)
]
gsn+µ
n+l
tavβ(p2)
−i
l2
=
αse
γEǫΓ(ǫ)
2π
[tavα(p1)][t
avβ(p2)]
∫ 1
0
dz
(
µ2
−p21zz¯
)ǫ
z¯
z
ei(ti1 z¯n+p1+ti2 (n+p2+zn+p1)) , (37)
where z = n+l/n+p1, z¯ = 1− z, and l is the momentum of the gluon in the loop. Fourier
transforming to collinear momentum space yields a delta function that allows to trivially
evaluate the z integration. Following the steps described above we obtain
〈q¯(p1)q¯(p2)|J
B1
χαχβ
(x)|0〉(b,i)
= −
αse
γEǫΓ(ǫ)
2π
∫ 1
0
dy θ(y − x)
(
µ2y2
−p21x(y − x)
)ǫ
x
y(y − x)
×Ti1 ·Ti2〈q¯(p1)q¯(p2)|J
B1
χαχβ
(y)|0〉tree
= −
αs
2π
∫ 1
0
dy
{
1
ǫ
θ(y − x)
x
y(y − x)+
− δ(x− y)
[
1
ǫ2
+
1
ǫ
ln
(
µ2x
−p21x¯
)]
+O(ǫ0)
}
×Ti1 ·Ti2〈q¯(p1)q¯(p2)|J
B1
χαχβ
(y)|0〉tree , (38)
where we used colour-space operator notation for the generators, [tavα(p1)][t
avβ(p2)] →
Ti1 ·Ti2vα(p1)vβ(p2). Here Ti1 and Ti2 are understood to act on the fundamental colour
index of the first and second building block of JB1χχ , respectively. Diagram (b, ii) gives a
similar result, that differs only by the replacement x ↔ x¯, y ↔ y¯ and p21 ↔ p
2
2 outside
of the matrix elements. For diagram (c) we find
〈q¯(p1)q¯(p2)|J
B1
χαχβ
(x)|0〉(c) → −
αsTi1 ·Ti2
8πǫ
∫
dy
(
θ(x− y)
x¯
y¯
+ θ(y − x)
x
y
)
× (γν⊥γ
µ
⊥)αγ (γ⊥νγ⊥µ)βδ 〈q¯(p1)q¯(p2)|J
B1
χγχδ
(y)|0〉tree . (39)
Note that this contribution induces a spin-dependent structure, i.e. it is non-diagonal
in Dirac indices. Collecting all results, we can read off the collinear contribution to
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the anomalous dimension using Eq. (31). It has a diagonal part ∝ δ(x − y) in collinear
momentum space, and a non-diagonal part. Using (34) and T2ik = CF for quarks, we
can write the anomalous dimension in the form
δZc,iχαχβ ,χγχδ(x, y) = −δ(x− y)δαγδβδXi1i2 +
1
ǫ
γiχαχβ ,χγχδ(x, y) , (40)
with
Xi1i2 ≡
αs
4π
{
2
ǫ2
(Ti1 +Ti2)
2 +
2
ǫ
(Ti1 +Ti2) ·
[
Ti1 ln
(
µ2
−p21
)
+Ti2 ln
(
µ2
−p22
)]
+
1
ǫ
(
T2i1ci1 +T
2
i2
ci2
)}
, (41)
and
γiχαχβ ,χγχδ(x, y) =
αsTi1 ·Ti2
2π
{
δαγδβδ
(
θ(x− y)
[
1
x− y
]
+
+ θ(y − x)
[
1
y − x
]
+
− θ(x− y)
1− x¯
2
y¯
− θ(y − x)
1− x
2
y
)
−
1
4
(σνµ⊥ )αγ (σ⊥νµ)βδ
(
θ(x− y)
x¯
y¯
+ θ(y − x)
x
y
)}
. (42)
Here we also expressed the Dirac gamma matrices in terms of σµν⊥ ≡
i
2
[γµ⊥, γ
ν
⊥]. Note that
the contributions from wave-function renormalization in Eq. (31) were already included
in Eq. (33), and are thus contained in the diagonal part, with ci1 = ci2 = 3/2 for quarks.
As mentioned above, in this work we restrict the discussion to the case of two-fermion
operators. Detailed results for all possible contributions to the N -jet operator will be
presented in a forthcoming paper.
3.2.2 Order O(λ2)
At O(λ2) the three operators in Eq. (24) contribute, and the anomalous dimension is
correspondingly given by a 3 × 3 block matrix. We find the following structure at one-
loop, that we will derive below:
δZcPQ =
JB2χ∂χ J
B2
∂(χχ) J
C2
Aχχ
JB2χ∂χ (44) (45) (48)
JB2∂(χχ) 0 (50) 0
JC2Aχχ 0 0 (54)
(43)
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The equation numbers point to the results for the non-zero entries. Note that the
operators JT2i containing insertions of the power-suppressed SCET Lagrangian contain
at least one soft field and therefore do not contribute in the purely collinear sector. We
first discuss the first row δZc,iχ∂χ,Q, then the second δZ
c,i
∂(χχ),Q, and finally the last row
δZc,iAχχ,Q, where Q ∈ {χ∂χ, ∂(χχ),Aχχ}. The zero entries in the second row persist at
higher orders in αs (see below).
First row: The contributions δZc,iχ∂χ,χ∂χ and δZ
c,i
χ∂χ,∂(χχ) can be extracted by com-
puting the matrix element 〈q¯(p1)q¯(p2)|J
B2
χ∂χ(x)|0〉 at one-loop, involving diagrams as in
Fig. 1. The additional ∂⊥ derivative leads to an extra power of the loop momentum
in the numerator, which yields a more involved structure of divergences compared to
O(λ). The divergent part can be expressed in terms of the two tree-level contribu-
tions 〈q¯(p1)q¯(p2)|J
B2
χ∂χ(y)|0〉tree and 〈q¯(p1)q¯(p2)|J
B2
∂(χχ)(y)|0〉tree. The coefficients yield the
corresponding anomalous dimensions, and we find
δZc,iχα∂µχβ ,χα′∂σχβ′ (x, y) = −δ(x− y)δαα
′δββ′ g
µσ
⊥ Xi1i2 +
1
ǫ
γiχα∂µχβ ,χα′∂σχβ′ (x, y) , (44)
δZc,iχα∂µχβ ,∂σ(χα′χβ′)
(x, y) =
1
ǫ
γiχα∂µχβ ,∂σ(χα′χβ′)(x, y) , (45)
with
γiχα∂µχβ ,χα′∂σχβ′ (x, y)
=
αsTi1 ·Ti2
2π
{
δαα′δββ′g
µσ
⊥
(
θ(x− y)
[
1
x− y
]
+
+ θ(y − x)
[
1
y − x
]
+
− θ(x− y)
x¯+ y¯
y¯2
− θ(y − x)
x+ y
y2
)
+
1
4
Mχα∂µχβ ,χα′∂σχβ′ (x, y)
}
,
γiχα∂µχβ ,∂σ(χα′χβ′)(x, y)
=
αsTi1 ·Ti2
2π
(
δαα′δββ′g
µσ
⊥ θ(y − x)
x
y2
+
1
4
Mχα∂µχβ ,∂σ(χα′χβ′)(x, y)
)
. (46)
The last terms in each expression arise from diagram (c) and are given in App. C.
Let us now turn to Zc,iχ∂χ,Aχχ, which describes the mixing of B- into C-type operators.
To extract this contribution we compute the matrix element 〈g(q)q¯(p1)q¯(p2)|J
B2
χ∂µχ|0〉 at
one-loop involving a gluon and two antiquarks. To determine the mixing with JC2Aχχ it is
sufficient to consider a configuration where the gluon has only ⊥ polarization, and the
external momenta of all particles have vanishing ⊥ component.
For loops that consist of two internal lines that are both attached to the same building
block of the operator JB2χ∂µχ (called type-(a) loops above) one of the collinear building
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Figure 2: Examples for the four possibilities of adding an extra collinear emission (indi-
cated by the blue line) to a diagram with two fermion lines (chosen to be diagram (b, i)
from Fig. 1. for illustration).
blocks, that is not contributing to the loop, acts as a ‘spectator’, i.e. the matrix element
factorizes,
〈ga(q)q¯(p1)q¯(p2)|J
B2
χα∂µχβ |0〉(a)
= 〈ga(q)q¯(p1)|χ(ti1n+)|0〉(a)(−p
µ
2⊥)〈q¯(p2)|χ(ti2n+)|0〉tree
+ 〈q¯(p1)|χ(ti1n+)|0〉tree(−p2 − q)
µ
⊥〈ga(q)q¯(p2)|χ(ti2n+)|0〉(a) , (47)
where we have also used that the ⊥ derivative acting on the second building block gives
a simple factor of total momentum both at the tree- and loop-level. All contributions of
type-(a) are therefore zero for vanishing external ⊥ momenta.
Therefore, we can focus on loops that connect the two building blocks. They are
obtained from the one-loop diagrams for a quark-quark matrix element shown in Fig. 1
(specifically from diagrams (b, i), (b, ii) and (c)) with the additional emission of the gluon
off either an internal fermion line (subscript F ), internal boson (i.e. gluon) line (B), ver-
tex (V ), or directly from the operator (J). These four possibilities are illustrated in Fig. 2
for diagram (b, i). The case (J) is only possible if the gluon is attached to a Wilson line,
and therefore this contribution vanishes for ⊥ polarization. Analogous arguments hold
for (b, ii) and (c). Similarly, the contributions (b, i)V , (b, ii)V are zero, because the inter-
nal gluon is in this case connected to a Wilson line, and the four-point vertex connecting
two collinear gluons and two collinear quarks vanishes when contracted with nµ+. Finally,
there could be a contribution from one-particle reducible (1PR) diagrams for which the
1PR propagator is canceled by a corresponding momentum-squared suppression of the
loop diagram. However, it turns out that there are no such contributions because the
vertex for radiating off a ⊥ polarized gluon from a quark line with momentum p vanishes
for p⊥ = 0. In summary, all relevant loop diagrams are shown in Fig. 3.
The computation of the one-loop diagrams is straightforward and we find the result
δZc,i
χsα∂
µχtβ ,A
νaχk
α′
χl
β′
(x, y1, y2)
16
=
αs
8πǫ
{
− ifabctcskt
b
tlK
µν
1,αα′ββ′(x, y2, y3)
+(tatb)skt
b
tlK
µν
2,αα′ββ′(x, y1, y2)− (t
atb)tlt
b
skK
µν
2,ββ′αα′(x¯, y1, y3)
}
=
1
ǫ
γiχsα∂µχtβ ,Aνaχkα′χ
l
β′
(x, y1, y2) , (48)
where we made explicit colour indices for clarity. The yk denote the collinear momentum
fractions for JC2Aχχ with y1+y2+y3 = 1, and y1 corresponds to the gluonic building block
A. The kernels K are defined in App. C. In colour-space notation
γiχα∂µχβ ,Aνχα′χβ′ (x, y1, y2) =
αs
8π
{
Ti1 ×Ti2K
µν
1,αα′ββ′(x, y2, y3)
−Ti1(Ti1 ·Ti2)K
µν
2,αα′ββ′(x, y1, y2) +Ti2(Ti2 ·Ti1)K
µν
2,ββ′αα′(x¯, y1, y3)
}
, (49)
where we defined a cross product via (Ti1 × Ti2)
a ≡ ifabcTbi1T
c
i2, and the subscripts
refer to the first and second fermionic building block, respectively. In addition, we
leave implicit the open adjoint index of the colour-space operators, which generates the
additional colour label required for the gluonic building block of Aχχ.
Second row: Matrix elements of the operator JB2∂(χχ) can be trivially related to those
of JB2χχ , because the total derivative factors out of any loop diagram. Therefore, we can
infer the corresponding entries in the anomalous dimension matrix from the O(λ) result,
δZc,i∂µ(χαχβ),∂ν(χγχδ)(x, y) = g
µν
⊥ δZ
c,i
χαχβ ,χγχδ
(x, y),
δZc,i∂(χχ),Q = 0 (Q = χ∂χ,Aχχ) . (50)
The last line follows from the equality
〈ga(q)q¯(p1)q¯(p2)|J
B2
∂µ(χχ)|0〉 = −(q + p1 + p2)
µ
⊥ 〈ga(q)q¯(p1)q¯(p2)|J
B1
χχ |0〉 (51)
at any loop order together with the first line of Eq. (50). Since the O(λ) matrix element
on the right-hand side is rendered finite by the δZc,iχχ,χχ counterterm, it is not necessary
to introduce new counterterms to renormalize the left-hand side at O(λ2). We have
checked this explicitly by computing the left-hand side of Eq. (51) at one loop.
Third row: For C-type operators with three collinear building blocks the one-loop
anomalous dimension can be inferred from operators involving only two collinear building
blocks. The reason is that at one-loop, at most two building blocks can be connected to
the loop, while the third one acts as a spectator.
In particular, type-(a) loops operate on each building block separately, and therefore
give the same result as at leading power (when including also coupling and wavefunction
renormalization, as above)
〈ga(p1)q¯(p2)q¯(p3)|J
C2
Aµχχ(x1, x2)|0〉(a)
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Figure 3: Collinear loops contributing to the anomalous dimension Zc,iχ∂χ,Aχχ, that de-
scribes mixing of B- into C-type operators. Arrows show the fermion flow for two out-
going antiquarks.
= Jg(p
2
1)Jq(p
2
2)Jq(p
2
3)〈ga(p1)q¯(p2)q¯(p3)|J
C2
Aµχχ(x1, x2)|0〉tree . (52)
The expression for Jq(p
2) is given in Eq. (34), and Jg(p
2) is given by the same expression
with CF → CA, 3/(2ǫ)→ 0.
All other loops connect two building blocks. There are three possibilities to select
a pair. For each pair, the computation is analogous to the corresponding case where
the third collinear building block is absent. Therefore, we can obtain the anomalous
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dimension by rescaling the corresponding momentum fractions. For example, for the
case where the loop connects the second and third building block (indicated by the
subscript 23), the contribution to the anomalous dimension is related to the O(λ) result
from Eq. (40),
Zc,iAµχχ,Aρχχ(x1, x2, y1, y2)
∣∣
23
=
1
1− y1
δ(x1 − y1)g
µρ
⊥ Z
c,i
χχ,χχ(x, y) , (53)
with x = x2/(x2+x3) = x2/(1−x1) and y = y2/(y2+y3) = y2/(1−y1). The momentum
fractions in the first building block are not affected by the loop, and therefore identical,
leading to the δ(x1 − y1), and a similar argument applies to the Lorentz indices leading
to gµρ⊥ . The prefactor is due to the Jacobian
6 dy/dy2 = 1/(1− y1).
To obtain the full anomalous dimension we need to sum over the three pairs of
collinear building blocks, 13, 23, 12. Note that the anomalous dimension on the right-
hand side of Eq. (53) captures also the contributions from type-(a) loops attached to
either the second or the third building block. This will also be the case for the 23 and
12 contributions, such that the type-(a) loops are counted twice. We therefore need
to subtract them once to obtain the correct result. In addition each term contains the
tree-level contribution, which we need to subtract twice. Altogether,
Zc,iAµχαχβ ,Aνχα′χβ′ (x1, x2, y1, y2)
=
1
1− y2
δ(x2 − y2)δββ′Z
c
Aµχα,Aνχα′
(
x1
1− x2
,
y1
1− y2
)
+
1
1− y1
δ(x1 − y1)g
µν
⊥ Z
c
χαχβ ,χα′χβ′
(
x2
1− x1
,
y2
1− y1
)
+
1
1− y3
δ(x3 − y3)δαα′Z
c
Aµχβ ,Aνχβ′
(
x1
1− x3
,
y1
1− y3
)
−[1 + Jg(p
2
1)
−1Jq(p
2
2)
−1Jq(p
2
3)
−1]δ(x1 − y1)δ(x2 − y2)δαα′δββ′g
µν
⊥ . (54)
The last line contains the subtractions accounting for the over-counting (see Footnote 6
for the normalization). The anomalous dimension Zc,iAχ,Aχ is given in App. C (see also
6 This can be seen by writing the corresponding delta functions in the tree-level matrix element in
the form δ(y1P − n+p1)δ(y2P − n+p2)δ(y3P − n+p3) = δ(y1P − n+p1)δ(yP23 − n+p2)δ(y¯P23 − n+p3)
where P23 ≡ (1 − y1)P = (1 − x1)P is the collinear momentum of the two building blocks that are
connected by the loop. Then the product δ(yP23 − n+p2)δ(y¯P23 − n+p3) has the same form as for
the case with only two building blocks (except that P → P23). The remaining factor δ(y1P − n+p1)
is not affected by the loop integration, and therefore the same for the one-loop and tree-level matrix
elements, leading to δ(x1 − y1). Therefore the only re-scaling factor is the Jacobian obtained from the
change of integration measure ZcAµχχ,Aρχχ(x1, x2, y1, y2)
∣∣
23
dy2dy1 = δ(x1−y1)g
µρ
⊥ dy1×Z
c
χχ,χχ(x, y)dy.
For example, the Jacobian ensures that the ‘diagonal’ contributions to Zcχχ,χχ(x, y) have the correct
normalization, because δ(x1− y1)δ(x− y) = (1− y1)δ(x2 − y2)δ(x1 − y1). Note also that the anomalous
dimension does not explicitly depend on the total collinear momentum P in the direction ni+ under
consideration.
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Refs. [15, 16]). Notice that the above equation is valid only up to one-loop. At higher
loops, the three building blocks may be connected together. Eq. (54) can be brought into
the form
δZc,iAµχαχβ ,Aνχα′χβ′ (x1, x2, y1, y2) = −δαα
′δββ′g
µν
⊥ δ(x1 − y1)δ(x2 − y2)Xi1i2i3
+
1
ǫ
γiAµχαχβ ,Aνχα′χβ′ , (55)
where
Xi1i2i3 =
αs
4π
{
2
ǫ2
(Ti1 +Ti2 +Ti3)
2 +
2
ǫ
(Ti1 +Ti2 +Ti3) ·
[
Ti1 ln
(
µ2
−p21
)
+Ti2 ln
(
µ2
−p22
)
+Ti3 ln
(
µ2
−p23
)]
+
1
ǫ
(
T2i1ci1 +T
2
i2
ci2 +T
2
i3
ci3
)}
,
with T2i1 = CA and ci1 = 0 for the gluonic building block and T
2
i2
= T2i3 = CF , ci2 =
ci3 = 3/2 for the fermionic building blocks. The non-diagonal part is given by
γiAµχαχβ ,Aνχα′χβ′ (x1, x2, y1, y2)
=
1
1− y2
δ(x2 − y2)δββ′γ
i
Aµχα,Aνχα′
(
x1
1− x2
,
y1
1− y2
)
+
1
1− y1
δ(x1 − y1)g
µν
⊥ γ
i
χαχβ ,χα′χβ′
(
x2
1− x1
,
y2
1− y1
)
+
1
1− y3
δ(x3 − y3)δαα′γ
i
Aµχβ ,Aνχβ′
(
x1
1− x3
,
y1
1− y3
)
. (56)
In addition, there is no mixing with operators with two building blocks, inherited from
δZc,iAχ,∂χ = 0 at O(λ) (see App. C), that is,
δZcAχχ,Q = 0 (Q = χ∂χ, ∂(χχ)) . (57)
3.2.3 General structure of the collinear anomalous dimension
The previous findings suggest a general structure for the collinear contributions to the
anomalous dimension. We can write schematically for the contribution from collinear
direction i with ni building blocks (ni = 1, 2, 3 for A-, B- ,C-type operators, respectively),
δZc,iPQ(x, y) = −δPQ
∏
k
δ(xik − yik)Xi1...ini +
1
ǫ
γiPQ(x, y) , (58)
where the first term is the diagonal contribution, δPQ is non-zero for identical operators
P = Q and then stands for the product of δαβ for Dirac and g
µν
⊥ for Lorentz indices, xik
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and yik denote the collinear momentum fractions in direction i for the building blocks
k = 1, . . . , ni, and γ
i
PQ(x, y) encapsulates the non-diagonal contribution. Here x and y
denote the vectors of momentum fractions as introduced above.
The non-diagonal contributions in general encapsulate rather lengthy results that
depend on the Lorentz structure and on momentum fractions in a generic way. The
diagonal contribution can be summarized in a universal way,
Xi1...ini =
αs
4π
ni∑
l,k=1
Til ·Tik
{
2
ǫ2
+
2
ǫ
ln
(
µ2
−p2ik
)
+ δlk
cik
ǫ
}
, (59)
where cik = 3/2 for fermionic building blocks, and cik = 0 for gluonic building blocks.
For clarity we added an additional label to the off-shell regulator p2ik for the collinear
direction it corresponds to.
So far we assumed that the two fermionic building blocks considered above have dif-
ferent flavours. It is straightforward to generalize the result in Eq. (58) to the case of
identical building blocks, which is relevant e.g. for quarks of identical flavour or when
considering operators with more than one gluonic building block. For gluons (quarks),
one has to symmetrize (anti-symmetrize) the anomalous dimension with respect to ex-
changing them (including a factor 1/Ns where Ns is the number of terms).
7 Moreover, if
more than one ⊥ derivative acts on the same building block at O(λ2), the corresponding
Lorentz indices need to be symmetrized too.
The final result for the collinear contribution to the anomalous dimension is obtained
by adding together the collinear contributions from all directions, which gives an addi-
tional sum over i,
δZcPQ(x, y) =
N∑
i=1
δ[i](x− y)δZc,iPQ(x, y)
= −δPQδ(x− y)
∑
i
Xi1...ini +
∑
i
δ[i](x− y)
γiPQ(x, y)
ǫ
, (60)
where we used that δ[i](x−y)
∏
k>1 δ(xik−yik) = δ(x−y) in the compact vector notation
introduced above. This result is consistent with all individual results obtained above, for
the fermion number two case. We checked that the diagonal contributions are in accord
with Eq. (60) also for fermion number one and zero up to O(λ2).
3.3 Soft part
The soft fields mediate interactions between collinear fields in different directions. Here,
we need to consider two types of contributions: first, soft loops with leading-power
7In this case, the association of the external momentum with the collinear building block is not
unique; however, they appear then only in a symmetric form (e.g. ln(p2i1) + ln(p
2
i2
)) such that there is
no ambiguity.
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Figure 4: The leading power diagrams with a soft-gluon exchange. The j-direction
parton is either a (anti)quark or a gluon created by either A0 or A1 current. In the
two-fermion sector, the current can be either B1 or B2.
interactions, for which the power suppression arises purely from the N -jet operator,
giving rise to current-current mixing. Second, soft loops containing insertions of the
power-suppressed contributions to the SCET Lagrangian that describe subleading soft-
collinear interactions. They give rise to operator mixing involving JT2i operators featuring
time-ordered products, see Eq. (25). This approach helps to keep the power-counting
manifest and ensures that the anomalous dimension does not mix operators with different
powers of λ. Because the leading two-fermion operator is O (λ), in this work we need
to consider only a single insertion of the subleading interaction. The leading-power
interaction between soft gluons and collinear particles can be used any number of times
when constructing the amplitude.
3.3.1 Currents
For the current-current mixing, the soft loops within a single collinear sector vanish to
all orders in αs because the leading-power interaction contains only a single component
of the soft field, ni−As. Hence, to determine the soft part of the anomalous dimension we
only need to consider soft loops connecting different collinear sectors. At the one-loop
level, only two different collinear directions can be connected by a soft loop. The result
is then given as a sum of all possible pairings of fields belonging to different directions.
For the two-fermion operator, the relevant diagrams are presented in Fig. 4. The parton
belonging to the j direction can be either a (anti)quark or a gluon.
The divergent part of the diagrams shown in Fig. 4 with soft loops and leading power
interaction is
δZs,ijPQ(x) = −δPQ
αs
4π
ni∑
l=1
nj∑
k=1
Til ·Tjk
2
[
2
ǫ2
+
2
ǫ
ln
(
−µ2xilxjksij
p2ilp
2
jk
)]
, (61)
where sij =
1
2
(ni− · nj−)PiPj depends only on the total collinear momentum in the
directions connected by the soft loop.
The colour-space formalism reveals the universal form of the soft factor. The result in
Eq. (61) holds for gluons as well as for quarks. The soft factor depends only on the colour
22
charge of the collinear particle but not on its spin. When there are identical partons
within one collinear direction, the result should by symmetrized as in the collinear case.
The renormalization factor for the subleading currents with extra ⊥ derivatives acting
on the collinear fields is also given by Eq. (61). In the soft-collinear vertices, only the
n− component of the momentum is conserved. The other components are conserved
only within the collinear sector as dictated by the SCET multipole expansion of the
soft fields. In the ⊥ direction, the soft field wave-length is much larger than the size of
typical fluctuations of the collinear field. As a result, the soft field is insensitive to the
⊥ momentum of the collinear fields. Hence, the extra momentum factor in the N -jet
operator Feynman rule that comes from the ⊥ derivative does not affect the computation
of the soft loop.
To summarize, the soft counterterm for the subleading local operators is universal,
diagonal and given by Eq. (61). This fact is easily understood by application of the soft
decoupling transformation. The collinear fields can be redefined to remove the leading-
power soft interactions from the SCET Lagrangian [12]. For example, for the fermion
fields we define
χ(ni+tik) = Yi(0)χ
(0)(ni+tik), Y
†
i (x) ≡ P exp
[
igs
∫ ∞
0
dsni−As(x+ ni−s)
]
. (62)
The fields building the N -jet operator are evaluated at ni+tik so the decoupling transfor-
mation commutes with the derivative ∂⊥i. The N -jet operator at O (λ) factorizes into a
product of collinear fields χ(0) that do not interact with the soft fields and a product of
soft Wilson lines. Hence, the universality of the Eq. (61) is a consequence of the standard
eikonal approximation for the leading-power soft gluon coupling.
3.3.2 Time-ordered products
The decoupling transformation in Eq. (62) does not remove the soft fields from the non-
local time-ordered product operators. In this case, it is necessary to compute the soft
loops explicitly. To obtain non-zero mixing into local operators we compute diagrams
where the soft field from the Lagrangian insertion appears as an internal line. Non-zero
mixing can occur only between operators with identical quantum numbers, and as the
local currents do not contain soft fields, only these diagrams can induce mixing into local
operators. Nevertheless, we checked that the one-loop amplitudes with one external soft
gluon are indeed finite after combining the soft and collinear loop contributions.
Consider first the JT2χαχβ ,ξq operator. Since there is no leading-power interaction be-
tween soft quarks and collinear partons it is impossible to form a soft loop and remove
the soft quark field. Therefore, no mixing into any of the local operators is allowed for
this operator.
The operator JT2χαχβ ,YM can form a non-vanishing contraction only with the gluon
fields contained in the Wilson lines that accompany the quarks. Choosing the light-cone
gauge we immediately see that this operator does not mix into any of the local operators.
Finally, we investigate possible mixing of the time-ordered product containing L
(1)
ξ .
The O (λ) Lagrangian L
(1)
ξ contains interactions with the ⊥ and n− components of the
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Figure 5: Sample diagrams contributing to mixing of time-ordered product into power-
suppressed local operators. The circle denotes the O (λ) SCET Lagrangian insertion.
Diagram (a) contributes to mixing into N -jet operator with B2-type currents; the di-
agram (b) can induce mixing into C2-type currents and the diagram (c) can generate
mixing into an N -jet operator containing two different B1-type operators.
soft field, thus it is not possible to form a contraction with the leading power soft-collinear
interaction in the same collinear direction. Hence, just like in the case of local operators,
the soft loops for the time-ordered product atO (λ) vanish within a single collinear sector.
The soft loops connecting the time-ordered product with a different collinear direction
are shown in Fig. 5. By explicit computation, we find that the operators containing
JT2χαχβ ,ξ do not mix into any of the local operators. The diagrams containing a single
time-ordered product of L
(1)
ξ and any type of the local current vanish at the one-loop
level for external states without soft fields and any number of collinear fields. The reason
is that the soft gluon field at O (λ) enters the Lagrangian only via the soft-field strength
tensor with ⊥ and n− components, x
µ
⊥n
ν
i−Fνµ⊥i . Hence, we observe that in the Feynman
gauge, a diagram with single O (λ) Lagrangian insertion always contains the factor
kα
(
gαν⊥in
µ
i− − n
α
i−g
µν
⊥i
)
(nj−)µ ,
where k denotes the loop momentum and (nj−)µ comes from the soft vertex on the
j-collinear line. No further k-dependent terms appear in the numerator because only
the n− component of the soft momentum enters the collinear line and purely collinear
interactions do not depend on the small component of the momentum. The one-loop soft
loop integral depends on two vectors ni− and nj−, so any tensor integral can be reduced
to a combination of these vectors and a metric tensor. After the tensor reduction of the
loop integral, the numerator terms with k → ni− vanish by definition of the light-cone
coordinates. If k → nj− then the total result is zero because of the anti-symmetric
Feynman rule obtained from the soft gluon field-strength tensor.
In summary, the time-ordered product operators with O (λ) Lagrangians do not mix
into local currents. The renormalization factor of the mixing of the time-ordered products
containing the O (λ) Lagrangian with themselves is given by the Z-factor of its local
component.
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4 Combined result
In this section we discuss the combination of the collinear and soft contributions to the
anomalous dimension. As concluded above, at fermion-number two we can focus on
current-current contributions. We found that both the collinear and soft contributions
can be summarized in a universal way, given by Eq. (60) and Eq. (61), respectively. In
particular, the total soft contribution, summed over all pairs of collinear directions i, j
with i 6= j, takes the form
δZsPQ(x, y) = −δPQδ(x− y)S (63)
with
S =
αs
4π
N∑
i,j=1
(1− δij)
ni∑
l=1
nj∑
k=1
Til ·Tjk
2
{
2
ǫ2
+
2
ǫ
ln
(
−µ2sijxilxjk
p2ilp
2
jk
)}
. (64)
Notice that for identical building blocks, a symmetrization needs to be performed as
discussed in the collinear case. We can write the logarithm as a sum of three terms
involving −sijxilxjk/µ
2, µ2/(−p2il), and µ
2/(−p2jk), respectively. The last two terms are
identical after renaming i, l ↔ j, k, thus we obtain
S =
αs
4π
∑
i,j
(1− δij)
∑
l,k
Til ·Tjk
{
1
ǫ2
+
1
ǫ
[
ln
(
−sijxilxjk
µ2
)
+ 2 ln
(
µ2
−p2jk
)]}
. (65)
Colour-neutrality of the entire N -jet operator implies
∑
j
∑
kTjk = 0. We can use this
to rewrite S as
S =
αs
4π
∑
i,j
∑
l,k
Til ·Tjk
{
1
ǫ
ln
(
−sijxilxjk
µ2
)
(1− δij)− δij
[
1
ǫ2
+
2
ǫ
ln
(
µ2
−p2jk
)]}
. (66)
When combining this with the collinear result in Eq. (60), we find that the regulator-
dependent terms cancel, as expected. This is a consequence of the colour conservation
and our assumption that the operator is a colour singlet. The cancellation serves as a
consistency check proving that the N -jet operator matrix elements have the correct IR
behaviour and no further basis operators, in particular with soft building blocks, are nec-
essary. Therefore, all current-current contributions to the Z-factor can be summarized
as
δZPQ(x, y) = δZ
s
PQ(x, y) + δZ
c
PQ(x, y)
= δPQδ(x− y)
αs
4π
∑
i,j
∑
l,k
Til ·Tjk
{[
1
ǫ2
+
1
ǫ
ln
(
µ2
−sijxilxjk
)]
(1− δij)
−δijδlk
cil
ǫ
}
+
∑
i
δ[i](x− y)
γiPQ(x, y)
ǫ
. (67)
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From this result we obtain the anomalous dimension matrix
ΓPQ(x, y) = δPQδ(x− y)
[
−γcusp(αs)
∑
i<j
∑
l,k
Til ·Tjk ln
(
−sijxilxjk
µ2
)
+
∑
i
∑
l
γil(αs)
]
+2
∑
i
δ[i](x− y)γiPQ(x, y) , (68)
where γcusp(αs) =
αs
π
, γil(αs) ≡ −
αs
2π
T2ilcil = −
3αs
4π
CF (0) for collinear quark (gluons),
and the last line captures the off-diagonal contributions computed above.
This expression summarizes the main result of this work. We have checked that
its form persists for all possible current-current contributions up to O (λ2), beyond the
F = 2 operators considered here. Operator mixing and non-diagonal contributions with
respect to collinear momentum fractions always enter via the collinear contributions
γiPQ(x, y).
As a cross-check, Eq. (68) reduces to the leading-power result (1) when there is only
a single building block in each collinear direction (i.e. l, k = 1, xil , xjk → 1), such that in
the notation used above δ(x− y) ≡
∏
i
∏
k>1 δ(xik − yik)→ 1 is an empty product equal
to unity. Furthermore, possibly non-diagonal contributions encapsulated in γiPQ vanish
at leading power.8
In this work, we consider the case in which one of the collinear directions contains
two fermionic building blocks (direction i, say). At O(λ), there is only a single type
of operators of this kind, given by the product of Ji = J
B1
χχ (ti1 , ti2) defined in Eq. (23)
for the direction labelled by i and leading-power building blocks for all other N − 1
directions Jj 6=i = J
A0
j . In this case, the anomalous dimension is off-diagonal in the
collinear momentum fractions in direction i,
N∑
j=1
δ[j](x− y)
γjPQ(x, y)
ǫ
→
1
ǫ
γiχχ,χχ(xi1 , yi1) , (69)
where the right-hand side is given by Eq. (42), and we have used γjPQ(x, y) = 0 for all
leading-power building blocks j 6= i. Furthermore the product of delta functions for the
N − 1 other directions δ[i](x− y) ≡
∏
j 6=i
∏
k>1 δ(xjk − yjk)→ 1 also collapses to unity.
At O(λ2), there are two cases. Let us first consider the case that the direction i
which we choose to carry fermion-number two encompasses itself the O(λ2) suppression,
i.e. it is represented by one of the three operators in Eq. (24), Ji ∈ {J
B2
χ∂χ, J
B2
∂(χχ), J
C2
Aχχ}.
Then the other N−1 directions have to contain leading-power building blocks, as before.
The structure of the anomalous dimension follows directly from Eq. (43), and leads to
8Note that we use a different normalization for the gluonic building block compared to Ref. [33],
which affects γil(αs). At leading power, it is easy to see that the results agree when taking the different
convention into account.
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operator mixing,
∑
j
δ[j](x− y)
γjPQ(x, y)
ǫ
→
1
ǫ


γiχ∂χ,χ∂χ γ
i
χ∂χ,∂(χχ) γ
i
χ∂χ,Aχχ
0 γi∂(χχ),∂(χχ) 0
0 0 γiAχχ,Aχχ

 (70)
where the non-zero contributions are given in Sec. 3.2.2 (specifically Eqs. (46), (49) for
the first and Eq. (56) for the last row, and γi∂µ(χχ),∂ν(χχ) = g
µν
⊥ γ
i
χχ,χχ is related to the
O(λ) result Eq. (42)). The anomalous dimension is diagonal with respect to the other
N − 1 directions.
The second case that can occur at O(λ2) is that direction i with F = 2 is described
by the O(λ) contribution Ji = J
B1
χχ (ti1, ti2), and one of the other N − 1 directions, say
direction i′, contributes an additional O(λ) suppression. The remaining N−2 directions
must then be represented by a leading-power building block. Since we do not require
direction i′ to have a definite fermion number, there are more possibilities, in particular
Ji′ ∈ {J
A1
∂χ , J
A1
∂A, J
B1
Aχ, J
B1
AA, J
B1
χχ , J
B1
χ¯χ } (plus hermitian conjugated operators). In this case
we need in addition the corresponding anomalous dimension matrices γi
′
PQ for these
operators. They will be given in future work.
In summary, we have taken the first step in a systematic investigation of the anoma-
lous dimension of subleading power N -jet operators in view of resummation of logarith-
mically enhanced terms in partonic cross sections beyond the leading power. We provide
an explicit result at the one-loop order for fermion-number two N -jet operators. In a
forthcoming paper we will present results at O(λ), O(λ2) for general N -jet operators.
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A Conventions
• Collinear directions ni+, i = 1, . . . , N with ni− · ni− = ni+ · ni+ = 0, ni− · ni+ = 2.
Any momentum can be decomposed as
pµ =
1
2
ni+p n
µ
i− +
1
2
ni−p n
µ
i+ + p
µ
⊥i . (71)
• The different components of collinear momentum pi scale as (ni+pi, ni−pi, p
µ
i⊥i) ∼
(λ0, λ2, λ).
• ni building blocks in direction i, labelled by ik, k = 1, . . . , ni.
• Abbreviation sij =
1
2
(ni− · nj−)PiPj
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• Operators JAn, JBn, JCn with one, two, three building blocks, respectively, and
power suppression O(λn). Here we count JA0χ = χi = W
†
i ξi and J
A0
A = A
µ
⊥i =
W †i [iD
µ
⊥iWi] as leading power (n = 0) for a collinear quark and gluon, respectively.
The power suppression of all other operators is then counted relative to the leading
power.
• Colour-space operator for parton labelled by ik is Tik and colour conservation
N∑
i=1
ni∑
k=1
Tik = 0 . (72)
• We define αs =
g2s
4π
and µ˜2 = µ2 eγE/(4π).
• Covariant derivatives
iDµ⊥i = i∂
µ
⊥ + gsA
µ
⊥i(x),
ini+Di = ni+(i∂ + gsAi(x)) ,
ini−Di = ni−(i∂ + gsAi(x) + gsAs(xi−)) ,
iDs = i∂ + gsAs(x) (on soft fields) ,
ini−Ds = ni−(i∂ + gsAs(xi−)) (on collinear fields) . (73)
B Redundant operators
B.1 Redundant collinear covariant derivative ini−Di
In this Appendix, we show that the operator ni−Ai = W
†
i ini−DiWi− ini−Ds, that could
potentially contribute to the basis of collinear building blocks at (relative) O(λ), can be
expressed in terms of the operator basis discussed in Sec. 2, and is therefore redundant
(see also Ref. [34] for some closely related discussion).
The equation of motion for the collinear gauge field with respect to the i-th collinear
direction derived from the leading-power collinear Lagrangian [14] reads
[iDνi, G
µν
i ] = igst
aξ¯i
(
nµi−t
a + γµ⊥it
a 1
ini+Di
i /D⊥i + i /D⊥i
1
ini+Di
γµ⊥it
a + . . .
)
/ni+
2
ξi , (74)
where igsG
µν
i = [iD
µ
i , iD
ν
i ] and the ellipsis stand for contributions involving n
µ
i+, that
will drop out below. In the remainder of this Appendix we will consistently omit the
index i for the collinear direction i. The covariant derivative
iDµ(x) ≡ i∂µ + gsA
µ(x) + gsn−As(x−)
nµ+
2
, (75)
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includes the multipole-expanded soft field in the n− projection, in−D. Contracting the
equation of motion with n+µ and multiplying with collinear Wilson lines from both sides
gives,
W †[iDν , [in+D, iD
ν ]]W = −2g2sW
†taW ξ¯ta
/n+
2
ξ . (76)
Next we use
∑
a t
a
ijt
a
kl =
1
2
(δilδjk−
1
3
δijδkl) to rewrite the colour ordering on the right-hand
side (colour indices made explicit)
(W †[iDν , [in+D, iD
ν ]]W )ij = −g
2
s
(
δilδjk −
1
3
δijδkl
)
χk
/n+
2
χl . (77)
Writing the scalar product over ν on the left-hand side in terms of collinear basis vectors,
and using W †in+DW = in+∂ to simplify gives
(in+∂)
2(W †[in−DW ])ij = −2i∂⊥ν(in+∂A
ν
⊥)ij − 2[A
ν
⊥, (in+∂A⊥ν)]ij
− 2g2s
(
δilδjk −
1
3
δijδkl
)
χk
/n+
2
χl . (78)
Next, we apply the inverse derivative operator formally given by 1/(in+∂)
2. Note
that (in+∂)
2(W †[in−DW ])ij transforms covariantly under the soft gauge symmetry, but
(W †[in−DW ])ij does not, since the derivative acts only inside the bracket. However, on
the left-hand side we can replace W †[in−DW ]→ W
†[in−DW ]−f(x−) with an arbitrary
function f(x−). This can also be seen as a freedom to add an integration constant when
applying the inverse derivative operator. It can be fixed by the requirement of soft gauge
covariance, and choosing f(x−) = gsn−As(x−) yields
(n−A)ij = −
2
in+∂
(i∂⊥νA
ν
⊥)ij −
2
(in+∂)2
[Aν⊥, (in+∂A⊥ν)]ij
−
2g2s
(in+∂)2
(
δilδjk −
1
3
δijδkl
)
χk
/n+
2
χl , (79)
i.e. we can express the operator on the left-hand side in terms of other collinear building
blocks. The previous equation receives corrections from the power-suppressed interac-
tions in the SCET Lagrangian, which can be worked out in a similar manner. Leading-
power redundant operators can always be removed iteratively from these further terms.
One peculiar property of this relation is that the soft field appears explicitly only on
the left-hand side. We checked that the relation is indeed fulfilled in the matrix element
with one soft and one collinear gluon. On the left-hand side, a 1PI diagram exists, where
the soft gluon is attached directly to the operator. In addition, a 1PR diagram where
the soft gluon is emitted from the collinear line contributes. On the right-hand side,
only a 1PR diagram exists, that agrees with the sum of the 1PI and 1PR contribution
from the left-hand side. We also checked explicitly that the identity holds in the matrix
element with one and two collinear gluons with ⊥ polarization.
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B.2 Redundant soft covariant derivative ini−Ds
We now show that the soft covariant derivative ini−Ds when operating on collinear fields
can be removed using the collinear equations of motion. As before, we omit the label for
the collinear direction in this section for brevity. Using the equation of motion for the
collinear quark field we find
in−Dsχ = −
[
n−A+ (i/∂⊥ + /A⊥)
1
in+∂
(i/∂⊥ + /A⊥)
]
χ, (80)
which yields an expression in terms of the operator basis discussed in Sec. 2 after using
the relation (79) for n−A. A computation similar to the one in Sec. B.1, starting from
the YM equation of motion (74) with open index µ projected in ⊥ direction yields (with
colour indices ij made explicit)
([in−Ds,A
µ
⊥])ij =
1
2
i∂µ⊥(n−A)ij +
1
2
([Aµ⊥, n−A])ij +
1
2in+∂
([(in+∂A
µ
⊥), n−A])ij
+
1
in+∂
([
i∂ν⊥ +A
ν
⊥, [i∂
µ
⊥ +A
µ
⊥, i∂⊥ν +A⊥ν]
])
ij
+
g2s
2in+∂
(
δilδjk −
1
3
δijδkl
)(
χ¯kγ
µ
⊥
1
in+∂
(
/A⊥
)
ll′
/n+
2
χl′
+χ¯k′ ( 6A⊥)k′k
1
in+∂
γµ⊥
/n+
2
χl + 2χ¯k
i∂µ⊥
in+∂
/n+
2
χl
)
. (81)
C Auxiliary functions entering the anomalous di-
mension
For the anomalous dimension Zc,iAχχ,Aχχ at O(λ
2) we need also the anomalous dimension
Zc,iAχ,Aχ at O(λ) as an input. It can be obtained by computing the one-loop matrix
element 〈ga(q)q¯(p)|J
B1
Aµχ(x)|0〉 and we find
δZc,iAµχα,Aνχβ(x, y) = −g
µν
⊥ δαβδ(x− y)Xi1i2 +
1
ǫ
γiAµχα,Aνχβ(x, y) , (82)
with Xi1i2 given by Eq. (59) and
γiAµχα,Aνχβ(x, y) =
αsTi1 ·Ti2
2π
{
gµν⊥ δαβ
(
θ(x− y)
[
1
x− y
]
+
+ θ(y − x)
[
1
y − x
]
+
−
θ(x− y)
y¯
(
1 +
x¯(x¯+ y¯)
2x
)
−
θ(y − x)
2y
(x¯+ y¯)
)
30
+
1
4
([γµ⊥, γ
ν
⊥])αβ(x+ y)x¯
(
θ(x− y)
y¯x
+
θ(y − x)
yx¯
)}
−
αs(CF +Ti1 ·Ti2)
4π
{
gµν⊥ δαβ
(
θ(x− y¯)x¯
yx
(x¯+ y¯) +
θ(y¯ − x)
y¯
(x¯− y)
)
+
1
2
([γµ⊥, γ
ν
⊥])αβ
(
θ(x− y¯)x¯
yx
(x¯− y − 1) +
θ(y¯ − x)
y¯
(x¯− y)
)}
+
αsCF
4π
x¯ (γµ⊥γ
ν
⊥)αβ , (83)
where CF ≡
1
6
(1− 3(Ti1 +Di1) ·Ti2) and we introduced the additional colour operator
Db|a〉 = dabc|c〉 related to the symmetric dabc symbol defined via {ta, tb} = 1
3
δab + dabctc.
We checked that our result agrees with Refs. [15,16] after subtracting the soft-loop con-
tributions to the O(λ) heavy-to-light current from the anomalous dimension computed
in these references. By computing the matrix element 〈q¯(p)|JB1Aµχ(x)|0〉 we furthermore
find
δZc,iAµχα,∂νχβ(x, y) = 0 . (84)
The functions entering Zc,iχ∂χ,χ∂χ and Z
c,i
χ∂χ,∂(χχ) in Eq. (46) are given by
Mχα∂µχβ ,χα′∂σχβ′ (x, y)
= −
(
θ(x− y)
x¯
y¯
+ θ(y − x)
x
y
)
xx¯
×
[
−
(
γσ⊥γ
ν
⊥
x
+
γν⊥γ
σ
⊥
y
)
αα′
(
γµ⊥γ⊥ν
x¯
)
ββ′
−
(
γµ⊥γ⊥ν
x
)
αα′
(
γσ⊥γ
ν
⊥
x¯
+
γν⊥γ
σ
⊥
y¯
)
ββ′
−2δαα′
(
γµ⊥γ
σ
⊥
x¯y¯
)
ββ′
− 2
(
γµ⊥γ
σ
⊥
xy
)
αα′
δββ′ −
gµσ⊥
xx¯
(γρ⊥γ
ν
⊥)αα′ (γ⊥ργ⊥ν)ββ′
]
+
1
2
(
θ(y − x)
x(x − 2y)
y2
+ θ(x− y)
x¯(x¯− 2y¯)
y¯2
)
×
[
(γσ⊥γ
ν
⊥)αα′ (γ
µ
⊥γ⊥ν)ββ′
+ (γµ⊥γ
ν
⊥)αα′ (γ
σ
⊥γ⊥ν)ββ′ + g
µσ
⊥ (γ
ρ
⊥γ
ν
⊥)αα′ (γ⊥ργ⊥ν)ββ′
]
,
Mχα∂µχβ ,∂σ(χα′χβ′)(x, y)
= −
(
θ(x− y)
x¯
y¯
+ θ(y − x)
x
y
)
xx¯
31
×[(
γσ⊥γ
ν
⊥
x
+
γν⊥γ
σ
⊥
y
)
αα′
(
γµ⊥γ⊥ν
x¯
)
ββ′
+ 2
(
γµ⊥γ
σ
⊥
xy
)
αα′
δββ′
]
+
1
2
(
θ(y − x)
x(x¯y + y − x)
y2
+ θ(x− y)
x¯2
y¯
)
×
[
(γσ⊥γ
ν
⊥)αα′ (γ
µ
⊥γ⊥ν)ββ′
+ (γµ⊥γ
ν
⊥)αα′ (γ
σ
⊥γ⊥ν)ββ′ + g
µσ
⊥ (γ
ρ
⊥γ
ν
⊥)αα′ (γ⊥ργ⊥ν)ββ′
]
. (85)
The functions entering Zc,iχ∂χ,Aχχ are given by
Kµν1,αα′ββ′(x, y2, y3) ≡ δββ′G
µν
αα′(x, y1, y2) + δαα′G
µν
ββ′(x¯, y1, y3)
−Hµν1,αα′ββ′(x, y1, y2)−H
µν
1,ββ′αα′(x¯, y1, y3)− J
µν
αα′ββ′(x, y2, y3) ,
Kµν2,αα′ββ′(x, y1, y2) ≡ 2δββ′F
µν
αα′(x, y1, y2)−H
µν
1,αα′ββ′(x, y1, y2)
−Hµν2,αα′ββ′(x, y1, y2) +
1
2
Iµναα′ββ′(x, y1, y2) , (86)
where the contribution from diagram (b, ii)B and (b, i)B can be expressed in terms of
Gµναα′(x, y1, y2) ≡
1
1− y3
1
x¯− y3
(
θ(x− y2)θ(x¯− y3)
x¯− y3
y1
+ θ(y2 − x)
x
y2
)
× (−4xgµν⊥ + (x− y2 + y1)γ
µ
⊥γ
ν
⊥)αα′ . (87)
The diagrams (b, ii)F and (b, i)F give
F µναα′(x, y1, y2) ≡
1
1− y3
1
x¯− y3
(
θ(x− y1)θ(x¯− y3)
x¯− y3
y2
+ θ(y1 − x)
x
y1
)
× (2xgµν⊥ − y1γ
µ
⊥γ
ν
⊥)αα′ . (88)
The diagrams (c)V and (c)
′
V give
Hµν1,αα′ββ′(x, y1, y2) ≡
(
θ(x− y1 − y2)
x¯
y3
+ θ(y1 + y2 − x)
x
y1 + y2
)
×
(
δββ′
2x¯
y1 + y2
(γµ⊥γ
ν
⊥)αα′ +
x
y1 + y2
(γρ⊥γ
ν
⊥)αα′(γ
µ
⊥γ⊥ρ)ββ′
)
Hµν2,αα′ββ′(x, y1, y2) ≡
(
θ(x− y1 − y2)
x¯
y3
+ θ(y1 + y2 − x)
x
y1 + y2
)
x
x− y1
× (γν⊥γ
ρ
⊥)αα′(γ
µ
⊥γ⊥ρ)ββ′ . (89)
The diagrams (c)F and (c)
′
F give
Iµναα′ββ′(x, y1, y2) ≡
(
− θ(x− y1)θ(y¯3 − x)
x2y¯1 + x¯
2y¯3 − y¯1y¯3
y¯1y2y¯3
32
+ θ(y1 − x)
x2
y1y¯3
+ θ(x− y¯3)
x¯2
y¯1y3
){
x+ y1
x− y1
(γν⊥γ
ρ
⊥)αα′(γ
µ
⊥γ⊥ρ)ββ′
+ gµν⊥ (γ
σ
⊥γ
ρ
⊥)αα′(γ⊥σγ⊥ρ)ββ′ + (γ
µ
⊥γ
ρ
⊥)αα′(γ
ν
⊥γ⊥ρ)ββ′
}
, (90)
and the diagram (c)B yields
Jµναα′ββ′(x, y2, y3) ≡
{
1
2
(
− θ(x− y2)θ(y¯3 − x)
x2y¯2 + x¯
2y¯3 − y¯2y¯3
y¯2y1y¯3
+ θ(y2 − x)
x2
y2y¯3
+ θ(x− y¯3)
x¯2
y¯2y3
)[
(γν⊥γ
ρ
⊥)αα′(γ
µ
⊥γ⊥ρ)ββ′
+ gµν⊥ (γ
σ
⊥γ
ρ
⊥)αα′(γ⊥σγ⊥ρ)ββ′ + (γ
µ
⊥γ
ρ
⊥)αα′(γ
ν
⊥γ⊥ρ)ββ′
]
+ δαα′(γ
µ
⊥γ
ν
⊥)ββ′
(
θ(x− y2)θ(y¯3 − x)
x¯− y¯2
y¯2y1
− θ(x− y¯3)
x¯
y¯2y3
)
+ δββ′(γ
µ
⊥γ
ν
⊥)αα′
(
θ(x− y2)θ(y¯3 − x)
x− y¯3
y¯3y1
− θ(y2 − x)
x
y2y¯3
)}
. (91)
For 0 < yi < 1 the functions K1(2) are regular for all 0 < x < 1.
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